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POTENTIALS OF THE PROBLEM OF STEADY-STATE OSCILLATIONS 

OF THE GENERALIZED ASYMMETRICAL THE~MOELASTICITY OF A COSSERAT MEDIUM 

VI. N. Smirnov and E. V. Frolova UDC 539.3 

The potentials of a simple layer and a double layer are determined, along with 
the volume potential of the problem of steady-state oscillations of the general- 
ized thermoelasticity of a Cosserat medium; these potentials lead to integral 
equations of the second kind for the problem. 

In the investigation of laser-induced thermal strains of optical materials it is neces- 
sary to treat more complex models than the classical versions in some cases. First of all, 
the finiteness of the heatpropagation velocity must be considered in the study of heat-re- 
lease processes associated with the pulsed application of optical radiation, i.e., it is 
necessary to go from classical to generalized thermomechanics [i]. Second, when the applica- 
tion of such materials as polycrystalline aggregates or an optical ceramic is considered, it 
is required to include not only the regular microstresses, but also couple stresses [2], 
necessitating the introduction of the Cosserat continuum model. The generalized thermoelas- 
ticity equations for a Cosserat medium have been derived previously [3]. An important spe- 
cial case is the problem of steady-state harmonic oscillations of a homogeneous isotropic 
polar-symmetrical medium. The system of equations in the complex amplitudes of the kinemat- 
ic variables for an oscillation with frequency o has the form 

( ~ + ~ )  V~U+O~+~ - a )  V V ' U + 2 a V •  § = O, 

(~ + ~) V~O + (y + ~ - -  e) VV'~  + (Io ~ - -  4~) o + 2~V •  + u = O, 
(1 )  

O~ v~O -- iomO~ ~ - -  ioOo~V.U + w = O. 
1 + i~z  o 

One of the methods of analyzing and solving the boundary-value problems of thermoelastic- 
ity, particularly for regions bounded by noncanonical surfaces, is to reduce them to integral 
equations [4-6], specifically by means of potentials. It is first of all necessary in this 
connection to formulate the fundamental solutions [6] of the system (i). 

We consider the problem of the action of a point force vector with amplitude value a I 
applied at the origin for Y = 0, w = 0. Invoking the regular solution of the homogeneous 
system (i) and the Fourier integral transform for the formulation of a particular solution 
of the inhomogeneous system, we obtain a solution of the system (i) subject to the Sommerfeld 
radiation condition: 

u == U(~).a~, o = ~(~).a~,  ~ = O ( ~ ) ' a v  ( 2 )  

Here the tensors U(I), ~(i) and the vector 0 (1) have the form 
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U(tl E ( Iff2--4a ) +  1 [ 1 
4~(b t+~)  V~P~ + ? -Fe  P~ ~ V V  2~+;~  

m o o  ( % o  ~ - -  io )  _ _ 1  P, ,_ /r - .-  4o: ] 
+ k (2~ -}- ~.) P~ P -i- ~ (V-!- e) (F -F ~) p~  ' 

s 1 a 
.... V >,'. Ep~, 

O (~) (%o ~ io) v . . . .  V P l ,  .4~k (2~ + ~) 

where the following notation has been introduced: 

- -  p2-!- 

(3) 

P l  = 

p~-- 

( ~  -- ~2) 

1 
Jr! o 2 (n;. --n~) 

{exp (i~ ]rD --  exp (i~a Irl)}, 

{exp (iq~ Irl) - -  exp (i~ h Irl)}, 

1 { ~12 exp (hh Irl) q~ exp (hh [rl) }, 
P 3 =  Ir[ 2 2 1 § + ~lz ~2 rl~ % ~1~ --~ 2 - - ' ,~ 

1 {1-F ~Zexp(i~,[r])_F ~exp(i~,Jr,)} 
P~ 

(4) 

Here Sk and qk represent the roots of the biquadratic equations 

[ ] 9a2(10~-4~) ~ + ~ 4~a Io" po ~" + = 0 ,  

~1 ~ -{- ~1 ~ F iamO~ (1 + iOTo) , ir -l- io%) Po z ] __ ip~J3meo (1 -5 ioro) 
=0.  

(5) 

In the case of a point couple with amplitude value a 2 applied at the origin for X = O, 
w = O, the solution of the system (I) subject to the radiation condition can be written 

u = U (2).a2, o = f~(2).a2, 

, ~(2) have the form 

U(2) = _ o~ 
2=(V + ~) (B + ~) 

~(2) = I / 

4~ (7 + 8) (2 7 + [3) [(s -- 

where the tensors U (2) 

~ = 0 ,  (6) 

V X EPl, 

_k_ 4=~--- (? + [~ -- e) po~ VVPs} _t_ E ( 

v - ~) vvv'p~ + 

P02 Pl) �9 

~-t -= 

(7) 

Here, in addition to (4) and (5), we have introduced the notation 

1 [ exp(iL lrl) exp(i~2 ]rl) exp(i~3 [rD l 
P5 = --[rl l (~{ --  g~) (~1--2 E~-_a) (g~ --  ~) (~22 _ ~a)"2- § (~~ --  El)2 (~a2 __ ~fi).~ / '" 

~g __ Io * - -  4~  

2v+13 

(8) 

Finally, under the action of a point heat-release source at the origin with amplitude 
value a s the solution of equations (i) subject to the radiation condition has the form 

u - = U  (3) a3, ~ o = 0 ,  f f=a .~O (3),  (9)  
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where 

U(a) :: ,: (1 4- ic%) 
VP',; 

4at~ (2~ + 7~) 

o ( a )  1 + / ~ %  ( 9~___~ ~ - ) 
4akO o V~P~ 4- 2 V + L p= " 

(lO) 

Consequently, if a point force, a point couple, and a point heat-release source act 
at the origin, the system (i) has the following solution regular everywhere except at the 
origin: 

u (~) : U (~) .a 1 4- U (~).a~ + aaU (a) , 

(o(l) =: fl(~) .a ,  4-  i) (2) .a>  

~(~) : O (~) -a~ 4- aa6) (a) . 

(ii) 

We denote the singular part of a tensor or vector by the subscript s. 
verified that the singular part of the solution (ii) does not depend on o: 

U ~ ) =  3 ~ + X + ~  E +  ~+~--= 
8~ [rl (2~t + Z) (~t + ~) &x trl ~ (2V + ~) (~t 4- c,) 

fl~:) = 3 7 + [8 4- e E + ? -{- I ~ - -  e 
8a !rl (2? 4- [~) Q? + e) 8a trl ~ (2~/4- [~) (? 4- e) 

rr, 

IT, 

It is readily 

(12) 
07)  _ 1 

4•kOo lrl 

US )=0 ,  ~ ' ) = 0 ,  U~ 3)=0,  O~ '~=0 .  

Apart from notational differences, equations (12) coincide with the expressions given 
in [6] for the singular parts of the fundamental solutions for the couple elasticity. 

We now introduce the tensors ~(i) #(2) ~(i), ~(2), the vectors ~3), p(1), and the 
scalar p(3), which are related to U(1)I U(2)I U(3), ~(z), ~(2), 0(I), @(3) by the expressions 

o=v (1 + i~%) nU (a) @(*) = (~ + =) n. V U(t) + (t*-- ~) V n'U(1) + ~,nv "U(l') + ~ 

(1) (2) = (~ + 8) n -v  U(2) q-. (y--e) vn.U (2) + ~nv.U (2) -~ 2 a n •  (2) , 
(13) 

O(a) = n ' v  U(a) , Rr(1) -- (V + ~) n ' v  fl(1) + ( ~ - -  ~) V n'fl(1) + ~ n v  "fl~ , 

R*(2) : (7 ~ ~) n *V 9(~) + (? -- e) V n. fl (~) + ~n v �9 fl (~) + 2an • fl (~) , 

p") = (~ + =) n .v  O(~) + ( ~ -  ~) vn.O O) + Zn v .O u) 

p(a) : n .vO(a) .  

o)(~) : b l . ~  (*) + b2.R r(2) , 

(~"~ (1 + ~ o )  nO <a) + - - U  

It can be directly verified that 

u(2) = b l . 0  0)  + b~.(I) (2) + b,~(I )(a) , 

@c2) = bl.pO) j r  bap(a~ (14)  

r e p r e s e n t s  t h e  s o l u t i o n  o f  t h e  homogeneous  s y s t e m  (1)  e v e r y w h e r e  e x c e p t  a t  t h e  o r i g i n  f o r  
any  c o n s t a n t s  b l ,  b=, and b 3. The s o l u t i o n s  (11)  and (14)  can  be u s e d  t o  f i n d  e x p r e s s i o n s  
f o r  t h e  p o t e n t i a l s .  I f  we c o n s i d e r  t h e  domain  Y bounded  by a c l o s e d  Lyapunov  s u r f a c e  S, 
we can introduce the volume potential 

= {U (R). al (r) + U(=) (R)'a2 (r) + a3 (r) UCa) (R)} dV (r) , u ~ (ro) [ (r) 
V 

o)' (ro) = .t" {f/ l)  (R).al(r) + fl(2)(R).a2(r)} d / ( r ) ,  ( t 5 )  
V 
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~I (ro) : .f {O(1) (R).al(r) : ,  ~:3 (r) 0 (3) (R)} ~IV (r), 
V 

(15) 

where the following notation is introduced: 

R~=( r~ ro )~ ,  r=xnek,  ro=Xo~en, (16) 

and the differential operations in the integrands are naturally taken with respect to the 
variables xk. Moreover, we introduce the potentials of a simple layer 

u i' ( r 0 ) :  S {u (~) (R) .a, (r) ~- u(2) (R). a~ (r) ~- a3 (r) U (3) (R)} dS (r), 
S 

�9 to I~ (ro) = : {fl(r) (R)'a, (r) + f~(2) (R)-a~ (r)} dS (r) 

~II (r0) = S {0(~) (Rl.a,(r) -k %(r) O (3) (R)} dS(r) 
S 

(17) 

and a double layer 

u I** (r0) = S {b, (r).0(*) (R) + b~ (r).0(2) (R) 4- b3 (r) �9 (3) (R)} dS (r), 
s 

( 1 8 ) 
11 ! (ro) = ~ {b~ (r). ~c i) (R) § b2 (r). ~(~) (R)} dS (r), 

s 

~III (r0) ~ .1 {b, (r).P (1) (R) + b3(r)pta) (R)} dS (r). 
s 

Inasmuch as  t h e  s i n g u l a r  p a r t s  o f  t h e  p o t e n t i a l s  (15) ,  ( 17 ) ,  and (18 ) ,  a p a r t  f rom n o t a -  
t i o n a l  d i f f e r e n c e s ,  c o i n c i d e  w i t h  t h e  s i n g u l a r  p a r t s  o f  p r e v i o u s l y  i n v e s t i g a t e d  p o t e n t i a l s  
[6 ] ,  t h e  p o t e n t i a l s  (15 ) ,  ( 17 ) ,  (18) and t h e i r  normal  d e r i v a t i v e s  on t h e  s u r f a c e  have t h e  
same c o n t i n u i t y  p r o p e r t i e s  or  t y p e  o f  d i s c o n t i n u i t y  as  t h e i r  c l a s s i c a l  a n a l o g s .  Th i s  f a c t  
p e r m i t s  them to  be used  to  d e r i v e  i n t e g r a l  e q u a t i o n s  of  t h e  second k i n d  by e x a c t  a n a l o g y  
w i t h  t h e  p r e v i o u s l y  i n v e s t i g a t e d  p o t e n t i a l s .  

I t  i s  i m p o r t a n t  t o  n o t e  t h a t  t h e  c l a s s i c a l  t h e r m o e l a s t i c  p o t e n t i a l s  of  a C o s s e r a t  medi-  
tun can be o b t a i n e d  by s e t t i n g  t 0 = 0 eve rywhe re ,  a l t h o u g h ,  of  c o u r s e ,  i t  would be p o s s i b l e  
t o  c o n s i d e r  t h e  c l a s s i c a l  ana log  of  t h e  sys t em (1) from t h e  o u t s e t  in  o r d e r  t o  o b t a i n  t h e  
i n d i c a t e d  p o t e n t i a l s ,  and t h e n  to  go over  t o  Eqs. (15 ) ,  (17 ) ,  and (18)  by t h e  c o r r e s p o n d e n c e  
p r i n c i p l e  [7 ] .  

As an example ,  we c o n s i d e r  t h e  f i r s t  o u t e r  problem f o r  t h e  sys t em of  e q u a t i o n s  ( 1 ) ,  
i . e . ,  we assume t h a t  t h e  e l a s t i c  medium o c c u p i e s  a volume V bounded by a c l o s e d  Lyapunov 
s u r f a c e  S, on which t h e  f o l l o w i n g  boundary  c o n d i t i o n s  a r e  s p e c i f i e d :  

uls : ~ (r0), ~Is = ~ (r0), ~ls  : g (r0). (19) 

The s o l u t i o n  of  such  a problem can be sough t  in  t h e  form of  t h e  sum of  t h e  p o t e n t i a l s  
(15) and (18) .  S ince  t h e  d o u b l e - l a y e r  p o t e n t i a l  (18) behaves  n e a r  t h e  boundary  in  t h e  same 
way as t h e  c o r r e s p o n d i n g  s t a t i c  p o t e n t i a l  [ 6 ] ,  t h e  problem i s  r e d u c i b l e  t o  t h e  sys t em of  
i n t e g r a l  e q u a t i o n s  

- - b ,  (r0) + I {b, (r). @(1)(R) + b2 (r).~(2) (R) + b3 (r) @(a)(R)} dS (r) : 
s 

: + (r0) --  .f {U(I) (R).a, (r) + U (2) (R).a2 (r) + aa (r) U (~) (R)} dV (r), 
V 

-- b~ (ro) + I {b~ (r).~(1) (R) + b~ (r).~(2)(R)} dS (r) : 
g, 

= ~ (ro) -- S {fg~> (R)-a, (r) -[- r (R)-a~. (r)} dV (r), 
v 

-- b3 (ro) q- .( {bl (r)-P(*) (R) q- b3 (r) p(3) (r)} dS (r) = g (ro) -- ( {0 (r) (R). a, (r) J,- a3 (r) 0 (~) (R)} dV (r). 
s ~':" 

(2o) 
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Singular integral equations can also be obtained for other boundary-value problems. 
All of these systems of integral equations are analogous to those discussed in [6] as part 
of a study of other branches of the theory of elasticity. Consequently, the validity of 
the Fredholm alternative hypothesis can be proved for them, and previously developed meth- 
ods of solution [8, 9] can be used. 

NOTATION 

u, complex amplitude of the displacement vector; m, complex amplitude of the microrota- 
tion vector; ~ , complex amplitude of the relative deviation of the absolute temperature 0 
from the initial value 00; p, ~, ~, ~, e, ~, v, m, constants characterizing the elastic and 
thermophysical properties of the material; o, oscillation frequency; t0, time constant char- 
acterizing the heat propagation velocity; p, density of the material; I, quantity character- 
izing the inertial properties of the material in microrotations; k, thermal conductivity; 
X, complex amplitude of the external body-force vector; Y, complex amplitude of the external 
body couples; w, complex amplitude of the heat-release density; E, unit tensor; r, radius 
vector of point with coordinates Xn; r0, radius vector of point with coordinates X0n; en, 
unit vectors of orthogonal coordinate system. 

i, 

2. 

3. 

4. 

5. 
6. 

. 

8. 

9. 
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